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This paper deals with the problem of reflection of magneto-acoustic waves
from a plane boundary between a fluid and an elastic medium conducting
electricity. Expressions are obtained for the amplitude coefficients of
reflection and refraction. The surface waves on a free boundary of an
elastic medium are considered. The velocity of these waves is determined
for the case of a weak magnetic field.

1. Magnetohydrodynamic and magneto-elastic waves. let a
fluid and an elastic conducting medium be placed in a uniform constant
magnetic field . In order to solve the problem of reflection of waves
from the boundary between these two media, it is necessary to consider
the propagation of waves separately in each medium.

The linearized equations of magnetohydrodynamics for plane waves with
the vector k and frequency v reduce to the system of algebraic equations

(1]
— oh = kx{(vxH) + iuginekth

_ (,,v+_l;ik (kv) = — 4;% Hx (kxh) (1.1)

c2
™= g

where V is the velocity of the fluid, h is the small variation of the
magnetic field in the wave, p, and g, are the density and electrical con-
ductivity of the fluid, u, denotes the velocity of sound in the fluid,
and ¢ is the velocity of light.

The plane boundary between the two media will be designated as the
plane zy. Assuming that the vectors H and k are in the plane xz, we
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write Equations (1.1) in terms of components
— wh, =k, (v H, — v,H,) + iungh®h,
— oh, =k, (v, H, — v H;) + iulnh®h, (1.2)
2,2 ) 1, & .
— wv, + - k, (kv) = — 4np0( e — kb))
— oo, ey (k) = — 2 (kb — k)
The condition of compatibility of this system has the form
u? — (1 +pg) u + Py K°H)* + oy (@ — 1) = 0 g
o o (1.3)
w= ( ku0> ’ o = 4ripgug?

Here, u and y, are the squares of the phase velocity and the intensity
of the magnetic field in the dimensionless form; k® and H® are the

magnitudes of the vectors k and H. Equation (1.3) has, for small wn,, the

roots u, and u, corresponding to the fast and the slow magneto-acoustic
waves. According to (1.2), we have for these waves

ke, ok, k" — I _H H®
vvszvvvz; M,=— e _:p s 22 -
— w, - k,2k, 72 HEH TR
omt (1.4)
tpv=1po(1+l—;0—"> (v=1,2)

The equations of plane waves in an elastic medium are [2]

— wh = kx(vxH) + ia*nk*h

o? oy
— V= k (kv) + gkx(kxv) — - Hx (kxh) (1.5)
A2 B B e B
a’ = p b = p ! E——F’ M=z ¥= 4npa?

Here, a’ and b% are the squares of the velocities of transverse and
longitudinal waves, respectively; p, A and p are the density and the Lamé

constants of the elastic medium; ¢ is the electrical conductivity of the
elastic medium.

We write Equations (1.5) in terms of components

— ok, =k, (v H,— v,H) + ia*nkh,
— wh, =k, (v,H, — v, H,) + ia*nk?h,
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(— 2 a2+ e o+ (=B ks = — Yk (1.6)
]
(= S+ e e+ (1 —E kb, = — ___‘*"j'{i" £ (kohy — k)

The condition of compatibility of this system has the form

W= (et e+ -+ [H)? +EkxH) 4+ i =L w—1) (w ~E) =0
. (1.7
U = (E)‘

For small wn, two roots of this equation, u, and u,, correspond to
the fast and the slow magneto-elastic waves, while the third root corre-
sponds to an aperiodic process.

From Equations (1.6) we obtain the relations between the components
of the velocity of the medium in magneto-elastic waves

(1——;)1% e v S — G H H, H“E
—u, A'»l-gk“')h’z—!—w”[i

Uyp = M\,vyz, - [-./ m e—
(1.8)
vy (1) (v =3.4)

2. Reflection of magneto-acoustic waves. We shall assume that
both media are perfect conductors (n, =n = 0). On the boundary between
the two media, the normal component of stress, the normal component of
the velocity, the magnetic field, and the tangential component of the
electric field should be continuous. The last condition implies, for
perfect conductivity, the continuity of the tangential component of the
velocity of the medium.

Therefore, the boundary conditions are
[v,] =0, fv,1 =0, P,=—p, Peu=0 2.1)

where [”i} is the jump of the quantity v; on the boundary, P , and P_,
are the components of the stress tensor in the elastic medium, and p is
the pressure in the fluid. In the case of monochromatic waves, they can
be expressed in terms of the components of the velocities of the elastic
and the fluid medium in the following way

. . avz dr,
pzzx.i—;pa“(dlvv+2§—5;—), sz.._z—-—pba(az +__5;2_)
p = —-—:‘Tpouoz divv

Let a fast magneto-acoustic wave fall on the boundary (Fig. 1). The
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quantities describing the incident waves will be denoted by primes. For
the velocity field in the fluid, according
to {1.4), we have

v, = Uy + Vg + Ve

(2.2)
v, = Mvy; + Myvy; + Myvy,
ML = 1 sin 26, - ¢, sin 2
My = T et 0y + g sint g
Fig. 1. i sin 20, — ¢, sin 2¢
M=~ 2 “u, Fsinh, + Y,sin’Q v=12)
For the velocity field in the elastic medium, according to (1.8)
vV, = V3; + V42, vx = Ma'l)s; + M4v4, (2 3)
" 1 (1 — &) sin 20, - ¢ sin 2¢ ’
My = 5 T, sin®0, - Ecos? O, + Psin g (v=34)
Taking into account that
v: = A, cos B, exp i [(k,'r) — otl, wn B, = M’ (2.4)

v, = AW, cos B, exp i [(k,r) — 0t], w B, =M,
(‘V m 1, 2, 3, 4)

where B, is the angle between the displacement vector in the wave with
index v and the axis z, from the boundary conditions (2.1) we obtain a
system of four equations for the amplitude coefficients of reflection and
refraction W,.

The solutions of this system have the form

___cosPy pa*(M,— My) X --pyus®B

Wi=—1a Br  pa®(My— My) X 4 pgudD (2.5)
W.— M‘eote.—i M ’1’1’ ? M M W

3 (MQZ—Y)COSBa {( 24 I)C‘OSBI +( - 1) 19051311

7 COSBs i"M3m83
144_ COSB4 M¢ cot By —1 I’V:;
W, — o8 By —Wiycos By — Wacos B3 — Wycos By

2= cos Bz

X= (Mgt 0g—1)[cor 83— (1—28) Mgl+ (1— My cot O5)[ et 0, — (1—28)M,)
Y =My — Mg+ MM, (et 8, — cot 8;)

Z=M;co 8, — My e 8

B=Y (M;— M, -+ et 6+ et 8,) —Z (M et 8, + My cot 6;)

D=Y (M, — M+ oot 8, — o 8,') +Z (M, o 8, — M, cot 8,)

Assuming y, = ¢ = 0 and considering that for this case
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8, =0, wuy=1, u,=¢
M, = cotl,

z

z"‘I.-_—ulzi’ E2=O,

My = — M, = — unl, M,=— ey, My= — unby,

By = —0, By=19, Ps=nmn— 0, 54:7““94

we obtain from the Formula (2.5) the expressions for the coefficients of
reflection and refraction [3, p.31] without magnetic field.

Increasing y, and y to infinity, we have

u, =uy =, u3=19, 0,=10,=0

My=M=M3= —mg
1W2$4W4: cot(p

B,/ =By =3 =m — ¢

W, =—1, W,=W,=1W,=

i.e. the reflection is complete in this
limit case.
Let now a fast magneto-elastic wave fall from the elastic medium on

the boundary surface (Fig. 2).

The velocity field in the fluid is

v, = Uy T Vo v, = Mlvlz + M0y,

and the velocity field in the elastic medium is

U, = Uy “%" V3, + Ugzy ?)x - 11{3’%’32 + J‘I32)3z “{"‘ ﬂf_iv“

1[',.~,__1_ (1 — &) sin 285" — { sin 2¢
e 2 —uy +sin* 03+ Ecos? By’ + Psinie

As in the preceding problem, we find

_ cosBs  pa¥(Mg— M) F 4 pousE
Wy=— cos By pat (My— My) X -+ pui®@ (2.6}
I“V _ (1 -‘}-“ 1"13’ cot 03,) COSBSI + ('1 -— 1‘13 cot 08) 1“73 cOs 83 )

e (M4 cot Bg— 1) cos Ba
IV . (Mz"‘ 1‘13’) cos 33' + (i‘!g e A{a) IVs €08 33 + (J’Ia-—— M;) W4cgs 34
T (My— My}Ycos B,

W, — _C08 Bg ~— W1 cos B + W3 cosBs + Wacos 3y
2 cO3 32
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F=(14+ M, cot 8;'){cot 0,— (1 —28) M, ] —

— (Mg oot 8,— 1) leot 0 4+ (1 —28) M,']
L=M;— My -+ MMy (cot 8,4 cot 83)
N =M cot 8, + Mg cot 85
E=L(M;, — M+ cot 6 — cot 8} + N (M; cot 8, — M, cot 8)
D=Y My — M, + cot 8, — cot ;) +2Z (M cor 8;— M; cor )

For y, = ¢ = 0, we obtain from (2.6) the known expressions for the co-
efficients W, [3, p.34].

If y, and y increase to infinity we have, as it was previously, the
case of complete reflection

11{3’ waaz.Ul:‘-han’ 53":53:61:“’_(‘)
Wam—1, Wy=W,=W,=0

3. Surface waves (Rayleigh). We shall investigate the effect of
a magnetic field on the surface waves, assuming that the elastic medium
is adjacent to a sufficiently rarefied gaseous medium (p, = 0). It is
known that the equations of the surface waves can be obtained by increas-
ing to infinity the coefficient of reflection of plane waves [3]. In this
way we obtain from (2.6)

X=0 (3.1)

Let us consider a weak magnetic field (y << 1). With the accuracy up
to the terms linear in y we have

us=1+poos (8 —¢),  u.=¢ +psin® (8, — q)

Vo P [ sin2¢ cos? (83 — @) — sin? ¢
My = —un b, [1 + = t ( sin 20; cos? 03 )] (3.2)
_ P sin 2¢ sin? (84 — @) — sin’ g
My = cor 9‘[1—}'1—-5(5&12&* + sin? 8, ﬂ
Introducing the notations
g = -Z—:—, § = sin? §, (3.3)

and taking into account
sin 8, = (sin 8,) / V'q

we reduce (3.1) to the form
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(3.4

(1—25p B (=20 (1—28y),.
SYT—SVE=s 4f=<l-c>1—°s>{ﬁ°‘+ T=5, >

TS, (=25 =5,

1+

j 08 )q:»

Here, S; > 1 is the real root of this equation for y = 0, and
a=1—=2851-¢), p=t—2501-¢)

The solution of Equation (3.4) is

_sl (1 — 5, (5 — Sp) v
S =S| 1+ = R sy o ) (3.3)

where A denotes the term in the braces in the right-hand side of equation

(3.4).

The phase velocity of surface waves along the boundary is determined
by the formula

v=a]/ = o {1+ 4 [1 — (1 — 250) cos 29 — 25, (1 = 55) sim 29 —

_ (1 — o) (B — Sp) ]i o )
A= RE—-S)—35 «—EN (0‘ V3,

As it follows from (3.6), v assumes real values only for ¢ = 0 and
¢ = n/2. This indicates that a surface wave propagates without attenua-
tion in the cases of the magnetic field being parallel or perpendicular
to the surface. For other directions of the magnetic field v is a com-
plex quantity and the surface waves are damped. This damping can be ex-
plained by the fact that for 0 < ¢ < 1/2 an electromagnetic wave is
generated which continuously absorbs part of the energy of the surface
wave. The coefficient of attenuation is equal to x = Im(w/v).

We shall write the expressions for v in the following cases:

when ¢ = 0

Yoy _1=S—8E—-S)+ U +E—-25)83 1
¢ ﬁ'l°{1uk [ 1-—% So[2(§ — So) — So (@ —£)] ]J

when ¢ = w/2

oy WSy L (A—B)(E — o) — (1 — 35+ 25,8) 8
v = o1+ ¥ 1 4 C G e Ll
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when ¢ = w/4

_ VIE—So+E(1—S0) Bl
”“”°{‘+ BRE—S8)—Se@—08I =

% [1 4 AE—S) VS G 1'}‘{(1~2so*-4so(1~so>(a—§+§B>I]}
S =AW E—SF+ET—S)B]

The values of v/v, for two values of § are as follows

=20 n/2 n/4

v/ v =1+ 180 1 1+ (0.93 — i0.32) ¢ for £=1/3
v/ v =1+ 1.26¢ 1 1+ (0.61 — i0.28) ¢ for t=1/2

Thus, a magnetic field parallel to the surface increases slightly the
velocity of surface waves, while a magnetic field perpendicular to the
surface practically does not influence this velocity.

The coefficient of attenuation k, for ¢ = w/4, is equal to

% = 0.320¢ / v, for E=1/3
x = 0.28w} / v, for £ =1/2

The author thanks K.P. Staniukovich who proposed the problem of this
paper.
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